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Cyclic Reduction

O(2log2Nx)
Shared memory

GPU [3][4]

GPU 2010
[5]

[3] Zhang, Y. et al., Proc. 15th ACM SIGPLAN Sympo. PPoPP 2010, pp. 127-136, 2010.

[4] Göddeke, D. and Strzodka, R., preprint of IEEE TPDS. 

[5] Waskito, P. 3 , SACSIS2010 , pp.139-140, 2010.
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Cyclic Reduction(3/[2log2(8)])
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Cyclic Reduction(4/[2log2(8)])
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Cyclic Reduction(5/[2log2(8)])
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Cyclic Reduction(6/[2log2(8)] )

�
�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�
�

�

�

8

7

6

5

4

3

2

1

777

555

333

11

1
0

1

1

01

�

�

�

�

y

y

y

y

cba

cba

cba

cb

�
�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�
�

�

�

8

7

6

5

4

3

2

1

1
10

1
1

1
1

01
1

�
�
�
�
�
�
�
�

15/44

)( iiii ycba )010( i�

log2(Nx) log2(Nx)

16/44



CGS Bi-CGSTAB

CG
Constant memory
Shared memory

Unrolling

Bi-CGSTAB
r0=b-[A]x0 (x0 :initial guess)

r*=r0
�-1=0

for n=0,1,····until |rn|<�|b|

begin

pn=rn+�n-1(pn-1-�n-1[A]pn-1)

�n=(r*•rn)/(r*•[A]pn)

tn=rn-�n[A]pn
�n=([A]tn•tn)/([A]tn•[A]tn)

xn+1=xn+�npn+�ntn
rn+1=tn-�n[A]tn
�n=�n/�n·(r*•rn+1)/(r*•rn)

end

r0=b-[A]x0 (x0 :initial guess)

r*=r0
�-1=0

for n=0,1,····until |rn|<�|b|

begin

pn=rn+�n-1zn-1
un=pn+�n-1(zn-1 ��n-1un-1)

�n=(r*•rn)/(r*•[A]un)

zn=pn-�n[A]un
xn+1=xn+�n(pn+zn)

rn+1=rn-�n[A](pn+zn)

�n= (r*•rn+1)/(r*•rn)

end

CGS
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(64bit)
GPU NVIDIA Tesla C1060
CUDA 2.3 (for Windows Vista 
64bit)

� PGI 
10.9 (for Windows 64bit)
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1

GPU Cyclic 
Reduction

CG

CG

LU Shared memory
256 256
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Nx Ny

do j=1,2,···Ny

�'j=A-1f(�j)
end do

i

j

( ) ( ))(][ 1,1, iix fA �� ��

1 2 Nx-1 Nx

1
2

N
y-1

N
y

27(1)/44



2 1 x

Nx Ny

do j=1,2,···Ny

�'j=A-1f(�j)
end do

i

j

( ) ( ))(][ 2,2, iix fA �� ��

1 2 Nx-1 Nx

1
2

N
y-1

N
y

27(2)/44

2 1 y

Ny Nx

( ) ( ))(][ ,1,1 jjy fA �� ��

do i=1,2,···Nx

�'i=A-1f(�i)
end do

i

j

1 2 Nx-1 Nx

1
2

N
y-1

N
y

28(1)/44



2 1 y

Ny Nx

do i=1,2,···Nx

�'i=A-1f(�i)
end do

i

j

( ) ( ))(][ ,2,2 jjy fA �� ��

1 2 Nx-1 Nx

1
2

N
y-1

N
y

28(2)/44

GPU 2

1 2 Nx-1 Nx

i

N
y-1

N
y

2
1

j

Global memory

Shared memory

Block x

29(1)/44



GPU 2

1 2 Nx-1 Nx

i

N
y-1

N
y

2
1

j

Global memory

Shared memory

Block x

f(�)
Shared memory

29(2)/44

GPU 2

1 2 Nx-1 Nx

i

N
y-1

N
y

2
1

j

Global memory

Shared memory

Block x

f(�)
Shared memory

Block

29(3)/44



GPU 2

1 2 Nx-1 Nx

i

N
y-1

N
y

2
1

j

Global memory

Shared memory

Block x

f(�)
Shared memory

Block

1 �'
Global memory

29(4)/44

2

Rotating Cone

0�
"
"

�
"
"

�
"
"

y
v

x
u

t
���

0 1�

)2,2(),( xyvu !!��


�
� ''''�

�
otherwise0

6.04.0,1.01.01 yx
�

0��

11,11 ''�''� yx

x

y

y

x

30/44



x x
CR

x
LU

y y
CR

y
LU

G
PU

 ti
m

e 
[#

s]

38

185

76

800

962

814

590
680

625

58

31/44

Registers per 
Thread

Shared memory 
per Block Occupancy

LU 10 2072 1
Cyclic 

Reduction 29 8240 0.125

Active Threads 
per 

Multiporcessor

Active Warps per 
Multiprocessor

Active Tread 
Blocks per 

Multiprocessor
LU 1024 32 4
Cyclic 

Reduction 128 4 1
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[3] Poinsot, T.J. and Lele, S.K., J. Comput. Phys., Vol.101, 104-129, 1992.
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x
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4l
4l

u0

512 512

Navier-Stokes Characteristic 
Boundary Condition[7]

CUDA 2.3
CPU Core i7 920
GPU NVIDIA Tesla C1060

4l 4l 1024 1024

[7] Poinsot, T.J. and Lele, S.K., J. Comput. Phys., Vol.101, 104-129, 1992.

37/44

[7]

[3] Poinsot, T.J. and Lele, S.K., J. Comput. Phys., Vol.101, 104-129, 1992.

38(1)/44



[7]

[3] Poinsot, T.J. and Lele, S.K., J. Comput. Phys., Vol.101, 104-129, 1992.

38(2)/44

[7]

[3] Poinsot, T.J. and Lele, S.K., J. Comput. Phys., Vol.101, 104-129, 1992.

38(3)/44



[7]

[3] Poinsot, T.J. and Lele, S.K., J. Comput. Phys., Vol.101, 104-129, 1992.
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Thread
1Block
14 8 6

Block
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V[4NxNy]

Global memory

Thread 2

Thread 1

Thread 0

Thread 3

V[4NxNy]= u1 u2 *u2*u1 u1 u2 *u2*u1 u1 u2 *u2*u1
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GPU
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Shared 
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